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Question 1: (22 points)  
The engineer of a landfill containment system believes that leakage of contaminants from a 
landfill will happen "during extremely heavy rainfall, and either the clay was not well 
compacted or there were holes in the geomembrane" (event A). 
Leakage could also occur "under ordinary rainfalls (i.e., without extremely heavy rainfall), but 
only when the clay was not well compacted and the geomembrane contained holes" (event B). 
Let 

W = event of well-compacted clay 
H = event of geomembrane containing holes 
E = event of extremely heavy rainfall 

 
(a) Express event B symbolically in terms of the events W, H, and E defined above. (2 points)  
 
 
 
 
 
 
 
 
(b) Represent event A in the following Venn diagram. (2 points)  
 

 
 
 
 

B E NINH

A E EnCWUH given
Ent U Ent distributive property of intersection

over union
GU7 U 506

50607
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Given that  
W (event of well-compacted clay) occurs with 90% probability 
H (event of geomembrane containing holes) is 30% likely 
E (event of extremely heavy rainfall) has a likelihood of 20% 

If the geomembrane contains holes, this might indicate poor quality of workmanship and the 
probability that the clay is well-compacted is reduced to 60%. 
 
With this information,  
(c) Determine the probability of the event (�̅� ∪ 𝐻). (10 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Additionally, the compaction of clay or the occurrence of holes in the geomembrane obviously 
do not influence the amount of future rainfall (i.e., event E is statistically independent of the 
event W, event E is statistically independent of event H). 
 
(d) Determine the probability of the event �̅� ∩ (�̅� ∩ 𝐻). (8 points) 
 
 
 
 
 
 
 
 
 
 
  

PCW 0 g
P H 0 3
PCE 0 2

P W H O G

P KUH P II PCH P HAH Addition rule

P TN I P W I O 9 0 1 Probability of complement

PC KAH P I IH P H Multiplication rate
of an event

P W H I P W H I O 6 0.4 Conditional probabilityof
P KI na 0 4 x o 3 0.12 complement of anevent
P KT U H 0 It 0 3 0 12 0.2

PCE n UTAH P E P I n ID since E is

statisticallyindependentofW
or H

P É I PC E I O 2 0.8

P VT NH 0.12 as calculated in part c

i P E n In HD 0.8 0.12 0 0 96
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Question 2: (20 points) 
 
The total load, X (in tons) on the roof of a building has the following probability density 
function: 

𝑓𝑋(𝑥) = {𝑐/𝑥3       3 ≤ 𝑥 ≤ 6 
0             𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

 
Hints:    ∫ 𝑥𝑛 𝑑𝑥 =  1

𝑛+1
𝑥𝑛+1     if    𝑛 ≠ −1 

              ∫ 𝑥−1𝑑𝑥 = ln 𝑥    

(a) What is the value of the constant 𝑐? (6 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) What is the expected total load? (6 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Lf God x q Property of PDF this follows from the
axiom of normalization

I o da t fade fodoc 1

C x'doc I

C L t IDE 54 1

EL

E X Ecf a doc bydefinition of mean expected
value for a continuous Ry

I Ix o da t doc tf ode
E x c Ead c c I Cf It 3 GII

i E X 4 tons since C 24
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(c) Suppose the roof can carry only 5.5 tons before collapse. What is the probability that the 
roof will collapse? (8 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(d) What is the coefficient of variation of the total load? (10 points – BONUS QUESTION) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

The roof will collapse if the total load on the roof is
greater than 5.5 tons i.e if X 75 5

P collapse P X 5 5 I P XI 5 5 I E 5 5

Fx G Iffy a du by definition

If X C 3 FxGc 0 since f x Gc 0 X C 3

If 3 EX 66 FxGO 3My a du du t t
Fx 5 5 tg EJ I 0.03903 C 0.9366 since 2 247
P collapse 0.06331

Coefficient of variation Ey bydefinition

F HELMI by definition

E X2 Sef Conde by definition

I do C ne C Ln 6 Ln 3

3

0.6931 C 16 6344 since C 2 4

t T IN634 I 0.7965

8 20749652 0.1991
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Question 3: (26 points) 
 
The joint probability mass function of precipitation, X (inches) and runoff Y (cubic feet per 
second) (discretized here for simplicity) due to storms at a given location is as follows: 
 

 𝑋 = 1 𝑋 = 2 𝑋 = 3 

𝑌 = 10 𝑎 0.15 0.0 

𝑌 = 20 2𝑎 0.25 5𝑎 

𝑌 = 30 0.0 0.10 2𝑎 
 
(a) What is the value of the constant 𝑎 in the table? (4 points) 
 
 
 
 
 
 
 
 
 
 
 
 
(b) What is the probability that the next storm will bring a precipitation of less than 2 inch and a 
runoff of more than 20 cubic feet per second? (2 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ER x y 1 property of joint PMF this follow
from the axiom of normalization

10 a t 0.5 1

a OE

P X 2 Y 20 P X 1 4 307 0

For the discrete RV X defined in the question
the event Xc 2 is equal to the event X 1

similarly for the given Ry y the event

Y 20 is equal to the event 4 303
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(c) Determine the marginal probability mass function of precipitation. Plot the marginal 
probability mass function of precipitation. (8 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(d) Determine and plot the probability mass function of runoff for a storm whose precipitation 
is 2 inches. What is the expected runoff for a storm whose precipitation is 2 inches? (12 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Px x Px Gay bydefinition
1 2 3

PEG 3a 0.5 Fa

PxG4 0.5

70 0.35

39 0.15

1 2 3 X inches

Pyix Y1D Hgy g by definition

Given X 2 R 2 0.5 as calculated in part c

i Pyix 812 Pxiffd
pay

0.50

Y Rx 912 030

10 0.30 0.20

20 0.50

30 0.20
7

10 20 30 Yfubicfeel
perseco

ELY D I Y Py x y f bydefinition of conditional
PMI

i ELY 2 y p 1 4 2 10 0.3 20 0 5 30 0.2 101
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Question 4: (12 points) 
 
(a) Given a dataset which contains the counts of coefficient of variation (C.O.V) in travel delay in 
85 cities, which of the lines of code should replace line 2 in the following code snippet to 
produce the density histogram shown in the figure?  (4 points) 
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(b) Given a numpy array called “delays” containing data of average annual travel delay in hours, 
which of the following is the correct code to calculate the probability that average annual 
travel delay is higher than 8 hours and less than 24 hours? (4 points) 
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Which of the following figures is generated by the code snippet on the right? (4 points) 

a)  

b)  

c)  
 

d)  
 

not e
X

CDF mustbe
non decreasing

CDF must be 7,0

CDF must be 1


