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Question 1: (22 points)

The engineer of a landfill containment system believes that leakage of contaminants from a
landfill will happen "during extremely heavy rainfall, and either the clay was not well
compacted or there were holes in the geomembrane" (event A).

Leakage could also occur "under ordinary rainfalls (i.e., without extremely heavy rainfall), but

only when the clay was not well compacted and the geomembrane contained holes" (event B).
Let

W = event of well-compacted clay
H = event of geomembrane containing holes
E = event of extremely heavy rainfall

(a) Express event B symbolically in terms of the events W, H, and E defined above. (2 points)

B=ENWNH

(b) Represent event A in the following Venn diagram. (2 points)

A H

E

A= EN(WUH)  (given)

(Eﬂw)U(E, h\'\) (a!'lS’\'r'\b\&:H\’e Pr’qu,r-hd o .f"tS"ged"'oﬂ
over Uunon

=6uD U(sve)

= SV6ELF

A\
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Given that
W (event of well-compacted clay) occurs with 90% probability = Pl ) =0-9
H (event of geomembrane containing holes) is 30% likely> P(H#) = O3
E (event of extremely heavy rainfall) has a likelihood of 20%.,PL5) =02
If the geomembrane contains holes, this might indicate poor quality of workmanship and the
probability that the clay is well-compacted is reduced to 60%. = P(\N \H) =0 é

With this information,
(c) Determine the probability of the event (W U H). (10 points)

P( W UH> = P(\:l) + P — PC\T\I ﬂH) LAd)ch'Hcm rul@
P(W=1-P (W) =1-09=o0-24 (Probability o f:’pe\»mg
P(WANH) = P(WIH)P(H) (Muthplication m@

P(W|#) = 1-P(W[H) =1-0-6=04 (Codikional probability o
S PL\,':] r“,\) - 0-4%x0'2=- 012 Complement Ot af\w%t)

2 P(WNULUH)= 04+ 0.2-012 = 0-28

Additionally, the compaction of clay or the occurrence of holes in the geomembrane obviously
do not influence the amount of future rainfall (i.e., event E is statistically independent of the
event W, event E is statistically independent of event H).

(d) Determine the probability of the event E N (W N H). (8 points)

P(TN(WOH)) = P(E)P(IN OH) (since E is stahsh_
o H

P(§>;1‘P(E):_1—O\R: 0K )

PLV\! (\H) = 010 (as caladated in parct Cc))

L P(EN(WoW)=08x013 = 0-096
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Question 2: (20 points)

The total load, X (in tons) on the roof of a building has the following probability density
function:

3
() ={c/x 3<x<6
elsewhere

Hints: [x"dx = ﬁx”“ if n#-—1
[x7tdx =Inx

(a) What is the value of the constant c? (6 points)

&9 PDF, thnis 4ol e,
J 'b'x C7°) &x = [P PW %axtom Qk sngmiﬁsggj o':)
0o

3
= A= + C d=x + dx = L
> §° 3§x3’° Je
>c§ 2 dx =

3

| _ 1= cC _

‘>°[le < 5= %=1
——a

(b) What is the expected total load? (6 points)

E (_X) J- ;c,.b Cx)&x, CBLA o\e,[)_m\‘\'won of meaq[ecpec%ecQ,
value g-m‘a conbhnuous R\D

_:é;‘c odx Jrf:?c: idx-l—jxo«:ox_

= E (X) = c_f S dx = C[ x] C[ -L-\'-ﬂ C 4ons

E()Q) = &4 4ons (since = a@
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(c) Suppose the roof can carry only 5.5 tons before collapse. What is the probability that the
roof will collapse? (8 points)

The vooy will colapse iy the total load on the roof Is
greoter than 55 tons (e Yy X7 S S)

P (cllopse) =P(* 755 = L= P(X&Ls D =1-FK(s9
(o = 5 by (WAu (by aQe,bm\hom)

Jlg:ac<-3 (D=0 (ine 4,00 = O‘v‘ch}
b Bex <6, = F(B)Bﬁs (WA = CS Au = c[_\§ 3|E

LR = L[ LS{S = 0-03303 ¢ ~ 0-9366 (Since C=A()
P(Couaps'e,) = 0-06336

(d) What is the coefficient of variation of the total load? (10 points — BONUS QUESTION)

COQJcb\aer\‘\? g variahon, 5 ;;\ C Y &QQ-b»N'\"O"D
7 =E0) - (Px)' by deginitio)

E (,7(3> = Sbo:xab () dx Lbu aerimi{n'On>

:.Cj

_l_
3 X

dx _ c[l,ncx)j — C[u\(,e) (3]

~ 0-6932lc = \6.63kk (since c= )

N 6 = 0.%F96S

Sy =0 1S _ 5.199
4
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Question 3: (26 points)

The joint probability mass function of precipitation, X (inches) and runoff Y (cubic feet per
second) (discretized here for simplicity) due to storms at a given location is as follows:

X=1 X=2 X=3
Y =10 a 0.15 0.0
Y =20 2a 0.25 5a
Y =30 0.0 0.10 2a

(a) What is the value of the constant @ in the table? (4 points)

ZZPXYCX)'CD 1 (P"VPU“M of AO\"\'\', PMF, This B-ouows
o™ the axciom of normauzaho)

= ADa +05=4

=:> a=0-05
—_—

(b) What is the probability that the next storm will bring a precipitation of less than 2 inch and a
runoff of more than 20 cubic feet per second? (2 points)

P(X«2,¥>20) = P(%x=4,Y=390 =00
For The Adiscrete RV XLA£éﬁ$£iﬂ'n€Avwaﬁbh,
e event X2 is e,a(};al,—!;o-\’he event X= 41
Simtlarly , foc +he given RN VY, the event

Y >20 is equal to the event \/:39
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(c) Determine the marginal probability mass function of precipitation. Plot the marginal
probability mass function of precipitation. (8 points)

Px CI’) = % \Dxlvcx’b) ( l"z) éQe.t'm'\Hor\D

pd 1 2 2
PX(?C) 3a 0-S Fa
N\ .
Px(?g 0S
Faz=0-35
2a=015
| >
1 2 3 > o L.‘(’CJ’\QQ

(d) Determine and plot the probability mass function of runoff for a storm whose precipitation
is 2 inches. What is the expected runoff for a storm whose precipitation is 2 inches? (12 points)

PY'X(%‘?): Px,y(?“&l) (by A&bini'\%OfD

Py (9

Given X=2, B () =05 (as caladoded in part (D)

S Pyh((‘d‘a): ?x.y(a’a)

0-£

> 4] Rix(81D
10 D-20
20 0-SO
20 0-0

8,83

0:S0

0:20

020

10 Q0 320 Y Lcua cyeet

E(Y|0= % % Py (812 (bydeginition o conditionst

T BV = Z g Pyix(91 = 10x03+ dox0s + 30x02= 19

PM_F)

—
pE—
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Question 4: (12 points)

(a) Given a dataset which contains the counts of coefficient of variation (C.0.V) in travel delay in
85 cities, which of the lines of code should replace line 2 in the following code snippet to
produce the density histogram shown in the figure? (4 points)

1 fig, ax = plt.subplots(figsize=(10,5))
2 ax.hist(...)
3 ax.set_title('C.0.V of Annual Delay in 85 cities')
4 ax.set_ylabel('Number of Cities')
5 ax.set_xlabel('Coefficient of variation')
6 plt.show()
C.0.V of Annual Delay in 85 cities
4
w
U 3
o
‘s
T
2
E 21
=
=
14
0 A
01 02 03 04 05 06 07
Coefficient of variation
# Option A

ax.hist(cov_annual_delay, bins=15, density=False, cumulative=True, ec='black')

# Option B
ax.hist(cov_annual delay, bins=15, density=True, cumulative=False, ec='black')

# Option C
ax.hist(cov_annual_delay, bins=18, density=True, cumulative=False, ec='black')

# Option D
ax.hist(cov_annual_delay, bins=18, density=False, cumulative=False, ec='black')
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(b) Given a numpy array called “delays” containing data of average annual travel delay in hours,
which of the following is the correct code to calculate the probability that average annual
travel delay is higher than 8 hours and less than 24 hours? (4 points)

# Option A
probability

sum(delays>8.0 & delays <24.0)/len(delays)

# Option B

probability (delays>8.0 | delays<24.0)/len(delays)

# Option C
probability

sum( (delays>8.0) & (delays<24.0))/len(delays)

# Option D
probability

sum( (delays>8.0) | (delays <24.0))/delays
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Which of the following figures is generated by the code snippet on the right? (4 points)
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def exponential pdf(x):
return np.exp(-x)

def exponential_ cdf(x):
return l-np.exp(-x)

Y = np.arange(0, 10, 0.1)

plt.figure(figsize=(10,5))
plt.subplot(121)

plt.plot (Y, exponential pdf(Y))
plt.title('PDF")
plt.xlabel('Y")
plt.ylabel('f(y)")

plt.subplot(122)

plt.plot (Y, exponential cdf(Y))
plt.title('CDF')
plt.xlabel('X")
plt.ylabel('F(y)"')

plt.show()



